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A new paradigm for parameter estimation in system modeling
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SUMMARY

In this paper, we consider a basic problem in system identification, that of estimating the unknown parame-
ters of a given model by using input/output data. Available methods (extended Kalman filtering, unscented
Kalman filtering, particle filtering, maximum likelihood, prediction error method, etc.) have been exten-
sively studied in the literature, especially in relation to consistency analysis. Yet, other important aspects,
such as computational complexity, have been somewhat overlooked so that, when such methods are used in
practical problems, remarkable drawbacks may arise. This is why parameter estimation is often performed
using empirical procedures. This paper aims to revisit the issue of setting up an estimator that is able to
provide reliable estimates at low computational cost. In contrast to other paradigms, the main idea in the
new introduced two-stage estimation method is to retrieve the estimator through simulation experiments in a
training phase. Once training is terminated, the user is provided with an explicitly given estimator that can be
used over and over basically with no computational effort. The advantages and drawbacks of the two-stage
approach as well as other traditional paradigms are identified with an illustrative example. A more concrete
example of tire parameter estimation is also provided. Copyright © 2012 John Wiley & Sons, Ltd.
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1. INTRODUCTION

This paper focuses on the very basic problem of estimating unknown parameters in a given plant
by using observed data [1–8]. To be precise, suppose that data are generated by a dynamical system
(continuous time or discrete time, linear or nonlinear, finite or infinite dimensional, noise free or
subject to disturbances) depending on a certain parameter vector � 2 Rq . The system is denoted
by P.�/ as in Figure 1, where u.t/ and y.t/ are the input and output measurable signals, whereas
e.t/ is a nonmeasurable exogenous input, possibly equal to 0 if the system is noise free. t denotes
time and can be either continuous or discrete. For simplicity, we will assume that u.t/ and y.t/ take
value in R, that is, P.�/ is SISO. Extensions to the MIMO case are however possible.

In the considered problem, we assume that, whereas an exact mathematical model (and a cor-
responding simulator) for P.�/ is available, the current value of parameter � is unknown and it
therefore has to be retrieved on the basis of an experiment on the plant (white-box identification
[8]). The system behavior is, thus, observed for a certain time interval over which a number N of
input and output observations NDN D f Ny.1/, Nu.1/, Ny.2/, Nu.2/, : : : , Ny.N /, Nu.N /g are collected.‡ The
issue is then how to exploit the information contained in the data to obtain a fair estimate of the
uncertain parameter � .

*Correspondence to: Simone Garatti, Dipartimento di Elettronica ed Informazione, Politecnico di Milano, Piazza L.
da Vinci 32, 20133, Milan, Italy.

†E-mail: sgaratti@elet.polimi.it
‡In the case of continuous time systems, observations have to be intended as sampled data points, that is, Ny.i/,
Nu.i/D Ny.t0C iT /, Nu.t0C iT /, where t0 is the initial time and T is the sampling period.
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Figure 1. The data generating system.

Conceptually, the estimation problem is solved by introducing a suitable estimator (also called
estimation algorithm) that is merely a function bf W R2N !Rq , which maps the measured observa-
tions NDN D f Ny.1/, Nu.1/, Ny.2/, Nu.2/, : : : , Ny.N /, Nu.N /g to an estimate, sayb� WD bf . Ny.1/, Nu.1/, : : : ,
Ny.N /, Nu.N //, for the true parameter � .

To be reliably used in practice, the estimator bf must satisfy some requirements. Among others,
the following ones are relevant in a number of real applications:

(1) An accuracy property must hold, that is, it must be guaranteed that the estimation error kb���k
is below a given threshold, at least for � taking values in a range of interest.§ Clearly, the type
of guarantees may change depending on the specific framework at hand. In, for example, a
stochastic framework, the mean square error Ekb� � �k2 is commonly considered, with the
aim of achieving both asymptotic and nonasymptotic characterizations.

(2) The estimator must be able to return the estimate b� with low computational effort. In other
words, the estimator function bf must be simple enough to be implemented as a computer
algorithm with acceptable computational complexity according to the available resources.

(3) The estimator must be fully automatic, that is, no human supervision is allowed. In this
regard, it is worth recalling the difficulties sometimes encountered when resorting to extended
Kalman filtering (EKF). A common experience is the required efforts for the trial-and-error-
based tuning of the initialization of the estimation error covariance matrix to achieve a good
estimate. This tuning must be repeated each time the parameter � to be estimated takes a
new value, thus leading to a procedure requiring human supervision. Such human interac-
tion, however, is not realistic in a number of problems; therefore, a fully automatic procedure
must be adopted.

Clearly, the importance of each of the aforementioned requirements depends on the application
at hand. In existing literature, however, estimators have seldom been evaluated according to criteria
other than that of accuracy. Yet, in the estimation practice, other requirements can be more pressing
than is commonly believed. The following example illustrates this point.

Example 1 (Pacejka’s model parameters estimation)
One of the most critical aspects in modeling the dynamics of a vehicle is the determination of the lat-
eral force generated by the interaction between tires and soil. The underlying physical phenomenon
is rather complex, and for its description, one often resorts to empirical models, the most renowned
of which is undoubtedly the Pacejka’s magic formula [9]. This is a nonlinear function supplying lat-
eral force as a function of steering angle. The formula contains a number of parameters, the values
of which have to be tuned to distinguish between different kinds of tires, with their own characteris-
tics in terms of size, constitutive material, inflation pressure, deterioration, and so forth. To complete
the model of the vehicle behavior, therefore, a further step is required, that of assigning a sensible
value to the Pacejka tire parameters. In Pacejka’s magic formula, parameters have no clear physical
meaning; usually, they are estimated from experimental data.

During the car’s life, however, the tire condition may change because of aging, the variability of
the inflation pressure, or many other reasons (including the fact that the car owner may decide to

§k � k denotes some selected norm, possibly, but not necessarily, the Euclidean one.
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substitute the tires!). Therefore, to guarantee the accuracy of the model, the tire parameter value
must be reestimated periodically with new fresh data. For instance, one may want to estimate the
Pacejka parameters from measurements of the car’s lateral acceleration as a response to the steering
angle. Rather than solving a single estimation problem, the issue here is to set up an estimator that
supplies reliable estimates of the Pacejka parameters for any type of tire and any type of operat-
ing condition (requirement no. 1). If such an estimator has to be embedded in an electronic device
installed in the car, for example, as a part of the control unit, then the computational effort must
be low because of the onboard limited computational resources (requirement no. 2) and the esti-
mation algorithm must be fully automatic as no human supervision is allowed during car operation
(requirement no. 3). �

In the literature, the problem of designing an estimator for � based on the available mathematical
model of P.�/ has been addressed many times according to a variety of paradigms. Among others,
the most popular techniques are based on Kalman filtering (KF), [10–13], prediction error (PE),
[4,6,8], or maximum likelihood (ML) [6,14–16] methods. All these techniques are well understood
by theorists and practitioners and have been proven to be effective in a huge number of applications.
However, there are cases, such as the estimation of the Pacejka parameters, where the provided
estimator may be not satisfactory with reference to the requirements given earlier. Therefore, further
approaches are needed.

More specifically, one critical point of available approaches is that the estimator bf turns out to be
implicitly defined by means of an estimation criterion, and hence, the generation of an estimate may
be computationally demanding, unless a severe deterioration of accuracy is accepted. As a matter
of fact, one of the remarkable contributions of the Swedish school of system identification was to
recognize that existing paradigms could be cast in a unifying framework because they were based
on the same basic ingredients: (i) data; (ii) model structure (here fixed being in a white-box setting);
(iii) estimation criterion (implicitly defining the estimator); and (iv) estimation algorithm, where
the latter is the numerical procedure implementing the chosen criterion, [6, 17, 18]. For example,
in the PE approach, the estimation criterion is that of minimizing the empirical prediction error
variance, whereas, consequently, the algorithm is the numerical optimization method. The same
split between estimation criterion and algorithm applies for other paradigms too, and in all cases,
generating estimates can be computationally costly (see the discussion in Section 2).

At a higher level of abstraction, one can also argue that available techniques, being so rigidly
stuck to a given criterion, do not offer enough modularity to address a failure: if, for some reason,
available paradigms provide estimators that are not satisfactory, then the designer has not enough
degrees of freedom to modify the paradigms to cope with the problem at hand.

In this paper, we propose a new estimator design paradigm, the two-stage (TS) method. It allows
all the requirements given earlier to be taken into account and naturally offers modularity similar
to that offered to the designer in black-box identification. By means of these properties, we believe
that the TS approach may be a valid alternative when other existing paradigms fail.

The main conceptual difference with existing paradigms is that, in the TS approach, there is no
proper estimation criterion through which the estimator bf is defined. Rather, bf is empirically tuned
through extensive simulation runs of the model of P.�/. In other words, the model of P.�/ is used
to generate a number of simulated input/output sequences corresponding to different values of � ,
and then, an estimator is empirically trained so as to perform well for these simulated data.¶ In this
way, the entire computational burden is relegated to the offline training phase, and once the estimator
has been obtained, it can be used basically with no computational cost.

Clearly, the training of the estimator is the most critical part of the approach, consisting of a
high-dimensional, therefore ill-conditioned, curve fitting problem. The final goal can be effectively

¶It is perhaps worth noticing that, in standard approaches, the knowledge of the mathematical model of P.�/ is
analytically exploited to, for example, compute the prediction error gradient, or the likelihood function, or a linear
approximation of the model. In the two-stage (TS) paradigm, the model ofP.�/ is exploited to simulate possible behav-
iors of the true system corresponding to different values of the unknown parameters. In this respect, the TS paradigm
fully belongs to our simulation-based age, initiated by the advent of Monte Carlo methods.
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achieved by means of an intermediary step that aims to generate a set of artificial data from the
input/ouput sequences. The final algorithm thus develops in two stages: the first one transfers the
information contained in the input/ouput sequences into the artificial data, whereas the second one
establishes the link between these artificial data and parameter � .

1.1. Structure of the paper

The paper is organized as follows. First, traditional approaches to parameter estimation are briefly
summarized in Section 2, and their advantages and drawbacks are identified. The new TS approach
is then discussed in Sections 3 and 4. Section 5 presents a benchmark example allowing the com-
parison between different techniques, whereas Section 6 is devoted to the application of the TS
approach to the concrete problem of parameter estimation in Pacejka’s magic formula.

2. TRADITIONAL PARADIGMS FOR ESTIMATION

2.1. Kalman filter-based approaches

In Kalman filter-based methods [10–13], parameter � is seen as a state variable by introducing an
additional state equation of the type �.k C 1/ D �.k/ or P�.t/ D 0, depending on whether time is
discrete or continuous.|| Then, the estimation problem is reformulated as a state prediction problem,
so that the function bf mapping the data into the estimate is implicitly defined by the Kalman filter
equations.

As is well known, even if P.�/ were a linear system, the resulting prediction problem would
be nonlinear because of the introduction of the additional state equation. Thus, one resorts to
nonlinear KF.

The most common approaches are the extended Kalman filter (EKF) [3, 10, 12, 13] and the
unscented Kalman filter (UKF) [13, 19–21]. The major issue of EKF and UKF is that an initial
guess for the initial estimation error mean and covariance matrix must be supplied. The conver-
gence of the parameter estimate is very sensitive to the tuning of such initialization, and there are
celebrated (yet simple) examples showing the possible divergence/nonconvergence (see, e.g., [22]
and the example in Section 5). In general, local convergence is achievable only, [22–26], and human
intervention is typically required.

Another approach one can resort to is the so-called particle filter (PF). PF basically reconstructs
the a posteriori probability distribution of � by letting a cloud of possible parameter values evolve
through the system equations, [13]. It has been proved in [27, 28] that, under suitable assumptions,
the PF estimate converges towards the true parameter, and this is one reason for its increasing pop-
ularity. On the other hand, this estimation algorithm requires an intensive simulation of the model’s
evolution each time an estimate for the unknown parameter vector has to be generated; therefore, it
is computationally demanding.

2.2. The prediction error paradigm

In the PE approach, [6], the loss function

V.�/D

NX
iD1

. Ny.i/�by.i , �//2
is considered, whereby.i , �/ is a predictor of the system output derived through the model equation
for P.�/ and the available input/output data up to time i � 1. The estimate of � is obtained by
minimizing V.�/, viz.

b� D arg minV.�/,

||Often the additional equation takes the form �.kC 1/D �.k/Cw.k/ or P�.t/Dw.t/, where w is white noise with
suitable variance, so as to improve the reactivity of the algorithm.
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so that the estimator bf mapping observations into estimates is implicitly defined by the optimization
problem itself. This latter is typically tackled by resorting to gradient-like methods. Although PE has
become the mainstream in black-box identification problems, it applies to white-box identification
as well, with no conceptual twisting.

The PE paradigm has been around for decades and has been analyzed in great detail. Its main
advantages are its solid theoretical background for accuracy analysis and its general applicabil-
ity. With regards to the latter, it should be observed that the gradient of the prediction error
can be computed with generality once a model of the plant is available, possibly by numerical
approximations.

The main issue of the PE paradigm, instead, is that V.�/ is typically a nonlinear nonconvex
function with many local minima that may trap the numerical solution far away from the global
minimizer, [29, 30]. Ignoring this problem would lead to biased (inconsistent) estimates. Hence,
minimization is typically carried out by means of multiple attempts, that is, by running the gradient-
like method many times with different initializations chosen from a grid in the parameter space and
then by choosing the estimate that gives the smallest value for the loss function. As is clear, the finer
the grid, the better the chance to converge towards the global minimizer; however in this case, the
procedure may be computationally demanding, see also [8].

2.3. Indirect inference

Indirect inference (II) is an approach to parameter estimation initially developed in econometrics,
[31–33]. The idea is to introduce an intermediate class of simple black-box modelsQ.ˇ/, character-
ized by a vector ˇ of parameters, along with an identification algorithm that permits the modelQ.ˇ/
to be fitted to the u,y data. In particular, ˇ. NDN / is the parameter obtained from the experimental
data NDN D f Ny.1/, Nu.1/, Ny.2/, Nu.2/, : : : , Ny.N /, Nu.N /g. The II estimate, then, is defined as the valueb� such that the parameter vector ˇ identified from data obtained by simulating P.b�/ is as close as
possible to ˇ. NDN /.

More precisely, let Ň.�/ D EŒˇ.DN .�//� be the mean of the intermediate model parameter
vector identified when data are generated according to the mathematical model of P.�/ with a
generic � . Then, the following loss function is introduced:

V.�/D .ˇ. NDN /� Ň.�//TW.ˇ. NDN /� Ň.�//,

where W is a weighting matrix. The II estimate of the true plant parameter is obtained as the value
of � minimizing the loss, viz.

b� D arg minV.�/.

In practice, minimization is performed by resorting, for example, to gradient-based techniques,
where the evaluation of V.�/, as well as of its gradient, for a given value of � is performed via
numerical simulations (that is, by generating a bunch of data sequence from the model of P.�/ and
approximating Ň.�/ with the empirical mean).

As it can be seen, II presents some similarities with the PE paradigm and, indeed, shares the same
advantages and drawbacks with the PE approach.

2.4. Maximum likelihood

The ML approach is another well-known estimation method taken from statistics, [14, 15, 34]. ML
amounts to computing the likelihood of possible values of � given the observed data and then finding
the maximum of such likelihood function. Again, the estimator bf turns out to be implicitly defined.

Maximum likelihood is a cornerstone achievement in the theory of estimation. However, it suffers
in practice from the drawback that the reconstruction of the probability density of observed data as
a function of the parameter � is difficult unless few exceptional cases. Moreover, the maximization
of the likelihood function presents the same criticality in terms of local optimal points as the PE
paradigm, see [29, 30].

Copyright © 2012 John Wiley & Sons, Ltd. Int. J. Adapt. Control Signal Process. 2013; 27:667–687
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Recently, an interesting ML approach based on particle filtering and the so-called expectation–
maximization (EM) algorithm has been proposed in [16, 35]. This approach gets rid of some of the
drawbacks of ML. However, its computational complexity may be critical.

3. THE TWO-STAGE PARADIGM

Motivated by the requirements identified in the introduction, we propose in this section a new esti-
mator construction paradigm. Preliminary studies on this approach were presented in the conference
papers [36–38].

3.1. Main idea

The idea behind the TS paradigm is that of resorting to offline intensive simulation runs to explicitly
reconstruct the function bf W R2N ! Rq mapping measured input/output data into an estimate for
the parameter � . To be precise, we use the simulator of the model of P.�/ to generate input/output
data for a number of different values of the unknown parameter � , chosen so as to densely cover a
certain range of interest. That is, we collect N measurements

DN
1 D fy

1.1/,u1.1/, : : : ,y1.N /,u1.N /g

for � D �1, N measurements

DN
2 D fy

2.1/,u2.1/, : : : ,y2.N /,u2.N /g

for � D �2, and so forth, to work out a set of, say m, pairs f�i ,DN
i g as summarized in Table I. This

set of data is referred to as the simulated data chart. See Section 4.1 for more details on the choice
of the samples �i .

From the simulated data chart, the function bf is reconstructed as the map minimizing the
estimation error over simulated data, that is,

bf  min
f

1

m

mX
iD1

���i � f .yi .1/,ui .1/, : : : ,yi .N /,ui .N //��2 . (1)

In other words, in the TS paradigm, there is no proper estimation criterion by means of which bf
is defined. Simply, bf is constructed so as to work well on simulated experiments, relying then on
generalization properties of data-based approaches such as (1) for achieving a good performance
over all situations, including unforeseen ones (see Sections 4.1 and 4.3). Once bf is found, then the
true � corresponding to a given experimental data sequence NDN D f Ny.1/, Nu.1/, : : : , Ny.N /, Nu.N /g
is estimated as b� D bf . Ny.1/, Nu.1/, : : : , Ny.N /, Nu.N //.
Clearly, the minimization in (1) is a formidable task, requiring suitable algorithmic tricks to
be accomplished. A two-stage algorithm (from which the name of the approach derives) is
discussed next.

Table I. The simulated data chart as the starting point of the
two-stage method.

�1 DN1 D fy
1.1/,u1.1/, : : : ,y1.N /,u1.N /g

�2 DN2 D fy
2.1/,u2.1/, : : : ,y2.N /,u2.N /g

...
...

�m DNm D fy
m.1/,um.1/, : : : ,ym.N /,um.N /g

Copyright © 2012 John Wiley & Sons, Ltd. Int. J. Adapt. Control Signal Process. 2013; 27:667–687
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3.2. The TS algorithm

As is clear, solving (1) requires the preliminary choice of a class F of functions among which
optimization is performed. This is indeed a critical issue because of the high dimensionality of the
problem (f depends upon 2N variables, normally a very large number if compared with the number
m of experiments), and the notorious bias versus variance dilemma [6] arises: if F is a class of low-
complexity functions, then it is difficult to replicate the relationship linking DN to � for all values
of � (bias error); conversely, if F is a class of high-complexity functions, then overfitting adversely
affects the solution (variance error).

To achieve a sensible compromise between bias and variance, the TS approach is proposed. In
this method, the selection of the family of functions F is split in two steps. This splitting is the key
to select a proper family and, in turn, to obtain a good estimator bf .

To be more precise, the objective of the first step is to reduce the dimensionality of the problem,
by generating a new data chart composed of m short sequences, each with n � N points. We
will call such sequences compressed artificial data sequences and the corresponding chart the com-
pressed artificial data chart. In the second step, the map between these artificial observations and
the parameter � is identified. By combining the results of the two steps, the estimator bf is finally
retrieved.

In what follows are more details on each of the two stages.

First stage. The first step consists of compressing of the information conveyed by input/output
sequences DN

i to obtain new data sequences eDn
i of reduced dimensionality. Whereas in the

data DN
i the information on the unknown parameter �i is scattered in a long sequence of N

samples, in the new compressed artificial data eDn
i such information is contained in a short sequence

of n samples (n� N ). This leads to a new compressed artificial data chart constituted by the pairs
f�i , eDn

i g, i D 1, : : : ,m, see Table II.
Each compressed artificial data sequence eDn

i can be derived from DN
i by resorting to standard

identification procedures. That is, one fits a simple model to each sequenceDN
i D fy

i .1/,ui .1/, : : : ,
yi .N /,ui .N /g and then takes the parameters of this model, say ˛i1,˛i2, : : : ,˛in, as compressed
artificial data, that is, eDn

i D f˛
i
1, : : : ,˛ing.

To fix ideas, we suggest the following as a typical method. For each i D 1, 2, : : : ,m, the data
sequence

DN
i D fy

i .1/,ui .1/, : : : ,yi .N /,ui .N /g

is concisely described by an ARX model:

yi .t/D ˛i1y
i .t � 1/C � � � C ˛inyy

i .t � ny/

C ˛inyC1u
i .t � 1/C � � � C ˛inyCnuu

i .t � nu/,

with a total number of parameters nD nyCnu. The parameters ˛i1,˛i2, : : : ,˛in of this model can be
worked out by means of the least squares algorithm ([4, 6]),

Table II. The compressed artificial
data chart.

�1 eDn1 D f˛11 , : : : ,˛1ng

�2 eDn2 D f˛21 , : : : ,˛2ng

...
...

�m eDnm D f˛m1 , : : : ,˛mn g

Copyright © 2012 John Wiley & Sons, Ltd. Int. J. Adapt. Control Signal Process. 2013; 27:667–687
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264 ˛i1
...
˛in

375D " NX
tDnC1

'i .t/'i .t/T

#�1
�

NX
tDnC1

'i .t/yi .t/, (2)

'i .t/D Œyi .t � 1/ : : : yi .t � ny/ u
i .t � 1/ : : : ui .t � nu/�

T , nDmax.nu,ny/,

and are used as compressed artificial data. It is worth noticing that the simple model class selected
to produce the compressed artificial data does not have any physical meaning and it must not be
thought of as a mathematical model for the plant P.�/; this class plays a purely instrumental and
intermediary role in the process of exposing the hidden relationship between the unknown parameter
and the original collected data. Hence, it does not matter if the ARX models do not tightly fit data
sequences DN

i ; what really matters is that ˛i1,˛i2, : : : ,˛in capture the variability of the �i . In this
connection, it should be observed that the choice of the ARX model order (which must be the same
for all the data sequences in the simulated data chart) is not very critical and it can be performed by
successive trials (see also next Section 4.3 for further details).

In conclusion, the first stage of the method aims to find a functionbg W R2N ! Rn transforming
each simulated data sequence DN

i into a new sequence of compressed artificial data eDn
i conveying

the information on �i . As compressed artificial data, we take the parameters of a simple model,
identified fromDN

i . In this way, functionbg is defined by the chosen class of simple models together
with the corresponding identification algorithm.

Second stage. Once the compressed artificial data chart in Table II has been worked out, the prob-
lem becomes that of finding a mapbh W Rn ! Rq that fits the m compressed artificial observations
into the corresponding parameter vectors, that is,

bh min
h

1

m

mX
iD1

���i � h.˛i1, : : : ,˛in/
��2 . (3)

Function minimization in (3) is reminiscent of the original minimization problem in (1). However,
being n small, the bias versus variance error trade-off is no longer an issue, and it is possible to
resort to one of the many methods of function fitting available in the literature.

As for the choice of h, it is possible to, for example, select a linear function: h.˛i1, : : : ,˛in/ D
c1˛

i
1 C c2˛

i
2 C � � � C cn˛

i
n, ci 2 Rq , that is, each component of h is just a linear combination of

the compressed artificial data ˛i1,˛i2, : : : ,˛in. The parameters ci appearing here can then be easily
computed via least squares at a low computational cost. Of course, such a way of parameterizing h is
computationally cheap but potentially loose. Better results are expected by choosing a class of non-
linear functions, such as neural networks or nonlinear autoregressive exogenous (NARX) models.
The minimization in (3) can be performed by resorting to standard algorithms developed for these
classes of nonlinear functions.

3.3. Use of the TS method

The TS method is based on two functions:bg andbh. The former is the compression function, trans-
forming simulated data into compressed artificial data. The latter is the fitting function, providing
the map from the compressed artificial data to the unknown parameter. Whereasbg is chosen by the
designer by selecting the intermediary identification algorithm in the first stage, in the second stage,
instead, the designer chooses a suitable class of functions, andbh is identified by fitting the extracted
parameter values to the corresponding compressed artificial data.

Once bg and bh are available, the estimator bf mapping input/output data into the estimate for �
is given bybh ıbg D bh.bg.�//, that is, by the composition of bg andbh, as shown in Figure 2. In this
way, bf is explicitly given. When a new input/ouput sequence, say NDN D f Ny.1/, Nu.1/, : : : , Ny.N /,
Nu.N /g, is observed from the real plant, the corresponding unknown parameter � is simply estimated
asb� Dbh.bg. NDN //.

Copyright © 2012 John Wiley & Sons, Ltd. Int. J. Adapt. Control Signal Process. 2013; 27:667–687
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Figure 2. The estimator function composition.

4. COMPLEMENTARY DISCUSSIONS ON THE TS APPROACH

In this section, we provide some discussions about implementation aspects as well as properties and
advantages of the TS approach.

4.1. Sampling issues

The first implementation choices the user is required to perform is the sampling of the parameter
vector � . The idea is to randomly extract values for the unknown parameter vector � over a range
of interest. Although, in general, uniform distribution can be considered, other probability distribu-
tions can be used if some a priori information is available (see, e.g., [39] for algorithms to perform
random extractions from various probability distribution).

The issue, then, is how many samples need to be randomly extracted to ensure a given accuracy,
that is, to ensure that the empirical cost

1

m

mX
iD1

k�i � h.˛
i
1, : : : ,˛in/k

2

is close enough to its probabilistic counterpart

Ek� � h.˛1, : : : ,˛n/k
2.

If this was the case, indeed, the map reconstructed by optimizing the empirical cost would be satis-
factory not only for the extracted �i but also for other, unseen, instances of � . In the context of the
TS paradigm, the easiest way is to resort to cross-validation to assess the accuracy of the obtained
estimator a posteriori (see Section 4.3 for details).

It is perhaps worth remarking, however, that the convergence of the empirical cost to the proba-
bilistic one does not depend on the dimensionality of � , that is, convergence does not suffer from the
curse of dimensionality. The reason is the same why Monte Carlo methods are successful in com-
puting multiple integrals: the overall effort for computing an integral in high dimensional spaces is
the same as for a one-dimensional integral. This is the magic of randomization, [39, 40].

Another issue in the first step of the TS approach regards the input sequences to be chosen. It is
clear that the estimator must be trained over input sequences that should resemble those arising in
real experiments. In this respect, the following should be noted:

� In some cases, one knows that all the real experiments will be carried out with the same input
or with input belonging to a given class (e.g., a white noise) from which it is easy to extract
some representative realizations. In these cases, the input selection is dictated by the problem
itself.
� The method presents a sort of robustness to variation in the input signal thanks to the first step.

Indeed, in such a step, an intermediate model is built aiming at reproducing part of the system
dynamics. Such dynamics is input independent in a number of cases.

4.2. Computational complexity in the TS paradigm

As is clear, the training of the TS estimator relies on an intensive simulation of the plant and on the
processing of the simulated data chart. This indeed may result in a high computational burden, which
however has to be tackled offline, before that any real data sequence is seen (see also Remark 1).
In other words, the computational burden is relegated to the estimator training phase only, where
one tries to adapt the behavior of bf to as many situations as possible. Once training is terminated,
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the final product of the TS paradigm is an estimator bf that is explicitly given. Hence, when real
data sequences enter the stage, the estimates are generated at extremely low computational cost, by
evaluating bf in correspondence with the measured data sequences, and bf can be used over and over
without human supervision.

This is in contrast to other estimation paradigms, where, bf being implicitly defined, each gener-
ation of an estimate requires a computationally demanding data processing, which sometimes need
to be performed under the designer’s supervision.

Remark 1 (Loss function minimization in the TS and other approaches)
The minimization problem in (3) may present multiple minima as in the minimization of the loss
function in the PE/ML/II approaches. Hence, at a first glance, it may seem that the TS approach is
as critical as PE/ML/II. Evidently, this is not so, and indeed, there are two substantial differences
with other approaches that it is worth clarifying.

(1) In the PE/ML/II, minimization has to be performed each time an estimate has to be generated
from available data. This leads to high computational effort. In the TS approach, instead, min-
imization is performed once and for all during the estimator training and before the estimator
is used with actual data. Estimates are therefore generated at very low computational cost.

(2) A common aspect of PE, ML, and II is that optimization is performed over the space of the
original parameter � . Therefore, to retrieve the unknown plant parameter, the global mini-
mum point must be found. Indeed, a local minimum point can be very far away from the true
parameter, even if the corresponding cost is close to that associated to the global minimum.
The risk of obtaining a mistaken estimate cannot be neglected.

In the TS approach, instead, local minima are not an issue. The reason is that the optimiza-
tion is not performed over the original parameter space but over the parameter space of the
class of functions (e.g., the neural network class) used in the second stage. The location of
minima in the neural network parameter space has nothing to do with the location of minima
in the original parameter space. What really matters is the value taken by the performance
index in (3) in correspondence with the chosen neural network. In this regard, a low value of
the cost index can be achieved even in local minima. On top of that, such a value is known
to the user, whereas in the PE/ML/II approaches, once one reaches a local minimum point,
there is no way to assess its distance from the global minimum point. The only remedy in
PE/ML/II frameworks is to resort to intensive computational trials in the hope of spotting the
global minimum.

4.3. Cross-validation and modularity of the TS paradigm

In the construction of the TS estimator, a number of choices are left to the user. Among others,
these include the choice of the number N of simulations for training, the choice of the model class
(including its order) to be used in the first step, and the choice of the class of nonlinear maps to be
used in the second step. This degree of freedom is at the same time the bane and delight of the TS
approach. Although, on the one hand, there are no simple recipes to follow, on the other hand, it
supplies a great flexibility that permits one to cope with a large variety of situations. In some sense,
it is the same degree of freedom we have in black-box identification [6]: the choice of the model
class as well as other choices is definitively left to the user, depending on the problem at hand.

In this respect, it is perhaps worth noticing that, because the training is performed via simulation,
before any real data sequence is seen, the user can intensively rely on cross-validation as a means
to test his or her own specific choices. This is very different from the standard identification setting
where cross-validation requires collecting new real data points and hence can be very costly. In
the TS approach, cross-validation merely requires the extraction of some extra values �CV1 ,
�CV2 , : : : , �CVr for the unknown parameter vector and the generation via simulation of the cor-
responding input/output data sequences DCV

i D yi CV .1/,ui CV .1/, yi CV .2/,ui CV .2/, : : : ,
yi CV .N /,ui CV .N /, i D 1, 2, : : : , r . This cross-validation data record has to be used once the
training has been completed and an estimator bf has been obtained from the simulated data chart.
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One can compute bf .DCV
i /, i D 1, 2, : : : , r and compare it with �CVi by, for example, inspecting the

empirical mean square error 1
r

Pr
iD1 k�

CV
i �bf .DCV

i /k2. Interestingly enough, the empirical mean

square error thus computed can be used to assess the actual mean square error Ek� � bf .DN /k2

provided that r is suitably chosen as specified by the following theorem (see, for example, [39]).

Theorem 1 (Hoeffding)
Assume that k� �bf .DN /k2 6 � . Fix two real numbers � > 0 and ı > 0. If

r >
�2

2�2
ln.1=ı/, (4)

then we have that

Ek� �bf .DN /k2 6 1
r

rX
iD1

k�CVi �bf .DCV
i /k2C � ,

with probability greater than or equal to 1� ı.

Theorem 1 says that Ek��bf .DN /k2 can be approximated by 1
r

Pr
iD1 k�

CV
i �bf .DCV

i /k2 with
arbitrary precision as long as r is sufficiently high. Note that the theorem statement holds true with
a certain probability 1� ı only. This is a consequence of the fact that 1

r

Pr
iD1 k�

CV
i � bf .DCV

i /k2

is a random element depending on the extracted �CVi . Hence, the mismatch between the empirical
and the actual mean square error can be smaller than � for some extractions and not for others, and
ı refers to the probability of extracting bad �CVi . It is, however, important to note that r depends on
ı logarithmically so that a very small value of ı can be forced in without significantly affecting r .
As regards � , it should be noted that it can be easily computed whenever � takes value in a compact
domain.

Finally, it should be noted that, although cross-validation can be used to assess the performance
of other estimation approaches, in the TS paradigm if cross-validation reveals that the obtained bf
is not satisfactory, the designer may go over the training phase to improve the performance of bf by
suitably modifying the choices previously made, for example, by increasing N , changing the order
n of ARX models in the first stage, or modifying the complexity of the neural network in the second
stage by adding or removing neuron layers. One can even realize that ARX models in the first stage
are not enough to distinguish between the dynamic properties associated with distinct parameters
(this may be the case for highly nonlinear systems) and can switch to NARX models, for example,
as well as to other models. In this situation, the high modularity of the TS paradigm is appreciated
in that the same high-level general idea can be applied irrespective of the low-level implementation
details. The designer can try his or her preferred methods for the first stage and the second one over
and over until a satisfactory bf is obtained.

4.4. Comparison with indirect inference

Although both the TS and II approaches rely on an intermediate identification step, they are com-
pletely different from a conceptual point of view. Indeed, in the II approach, there is no attempt
to directly reconstruct (via samples) the map linking data sequences to parameters. The direct
reconstruction of such a map is the core of the TS approach, and it permits the generation of esti-
mates at low computational cost. The intermediate step in the TS approach is merely a (necessary)
technicality to ease the map reconstruction problem that otherwise would be intractable. In this
respect, the identification of the intermediate model is performed with the aim of compressing the
information only.

As already discussed in Section 2.3, the role of the intermediate identification in the II approach
is quite different. In particular, in this approach, the estimator of the unknown parameter � turns out
to be implicitly defined by the minimization of a loss function, with potentially many local minima.
This makes the computation of the estimate extremely costly.
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5. A BENCHMARK EXAMPLE

In this section, a simple example is presented to allow for a sharper comparison between different
approaches. The following data generation mechanism is considered:

x1.kC 1/D
1

2
x1.k/C u.k/C v11.k/, (5a)

x2.kC 1/D .1� �
2/ sin.50 �2/ � x1.k/� � � x2.k/C

�

1C �2
� u.k/C v12.k/, (5b)

y.k/D x2.k/C v2.k/, (5c)

where � is an unknown real parameter in the range Œ�0.9, 0.9� and v11 � WGN.0, 1/, v12 �
WGN.0, 1/, and v2 � WGN.0, 0.1/ (WGN D white Gaussian noise) are mutually uncorrelated
noise signals. In all our experiments, system (5) was initialized with x1.0/D 0D x2.0/.

To test the behavior of various estimation approaches, we extracted 200 values for the parameter
� uniformly in the interval Œ�0.9, 0.9�, and for each extracted value of � , we generated N D 1000
observations of the output variable y associated with an input u generated as WGN.0, 1/ uncorre-
lated with the disturbances. Each time, the N D 1000 pairs of input/output observations were made
available to the estimation algorithms, each of which returned an estimate of the corresponding � .
Thus, for each estimation algorithm, we obtained 200 estimatesb� , which then were compared with
the corresponding 200 true values of � .

We will give a graphical visualization of such a comparison by plotting the obtained estimates
against the true parameter values. In other words, for each point in the figures later, the x-axis is
the extracted value for � , whereas the y-axis is the corresponding estimateb� supplied by the imple-
mented estimation method. Of course, a good estimator must return points displaced nearby the
bisector of the first and third quadrants.

All simulations were performed in the Matlab environment by means of a standard 2.40 GHz
dual-processor computer.

5.1. Kalman filters

To apply both EKF and UKF, system (5) was rewritten as

x1.kC 1/D
1

2
x1.k/C u.k/C v11.k/,

x2.kC 1/D .1� x3.k/
2/ sin.50 x3.k/

2/ � x1.k/� x3.k/ � x2.k/C
x3.k/

1C x3.k/2
� u.k/C v12.k/,

x3.kC 1/D x3.k/Cw.k/,

y.k/D x2.k/C v2.k/,

where x3 is an additional state variable representing parameter � . Herein, we will report the
simulation results obtained by taking as w.k/ a WGN.0, 10�6/.

For each extracted value of � in the range Œ�0.9, 0.9�, the estimate was obtained as the one-step
ahead predictionb� Dbx3.1001j1000/. Such a computation was carried over with the EKF, UKF, and
PF algorithms.

Figures 3 and 4 display the result of EKF and UKF in different operating conditions. Specifi-
cally, Figure 3 depicts the results obtained with the following initialization: bx1.0/ D bx2.0/ D 0,bx3.0/D 0, and

P.0/D

24 0.1 0 0

0 0.1 0

0 0 0.5

35 (6)
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Figure 3. Estimates of � versus true parameter values (large initial variance)—EKF on the left, UKF on
the right.

Figure 4. Estimates of � versus true parameter values (small initial variance)—EKF on the left, UKF on
the right.

(P.0/ is the initial covariance of the estimation error). Figure 4, instead, displays the results obtained
when

P.0/D

24 0.1 0 0

0 0.1 0

0 0 10�2

35 . (7)

With regards to the computational complexity, EKF took about 11 s to return the whole 200 esti-
mates (with an average time of 0.055 s per estimate), whereas UKF required a total of about 200 s
(with an average time of 1 s per estimate).

As it appears, the EKF and UKF behaviors are quite different from the optimal expected behavior.
In many instances, the estimate does not converge to the true value of � . Furthermore, the estimator
behavior strongly depends on the choice of P.0/, and anyhow, local convergence can be achieved
at most.**

As regards the PF, the obtained results with 1000 particles are shown in Figure 5.
As can be seen, PF provides more satisfactory estimates. Although the performance can be further

improved by increasing the number of particles, the actual bottleneck of the PF estimation method

**Perhaps it is worth noticing that further simulations were performed by changing the initialization ofbx3.0/ (precisely,
to�0.8,�0.3, 0.3, and 0.8), but such simulations are not reported because of space limitations. The results, however,
were similar to those presented in this paper, and the drawn conclusions remain valid.
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Figure 5. Estimates of � vs. true parameter values for particle filter estimator.

Figure 6. Estimates of � versus true parameter values for PE estimator (one initialization only).

remains its computational complexity. Indeed, PF took 4675.89 s with an average time of 23.38 s
per estimate.

5.2. Prediction error approaches

The PE estimation method was implemented by resorting to the idgrey models of the Matlab
System Identification Toolbox, see [41].

Figure 6 depicts the results obtained with a single initialization of the PE algorithm obtained
by choosing a value at random from the interval Œ�0.9, 0.9� (note that initial states were known,
x1.0/D 0D x2.0/, and they needed not to be estimated). Overall, calculations took 18.23 s with an
average of 0.09 s per estimate. The returned estimates are rather spread out, revealing the presence
of many local minima trapping the PE solution far away from the true parameter value.

We, therefore, ran the PE algorithm with multiple initializations and chose the estimate return-
ing the lowest loss. The results with five initializations and with ten initializations are shown
in Figure 7.
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Figure 7. Estimates of � versus true parameter values for PE estimator—five initializations on the left, 10
initializations on the right.

As it appears, the performance becomes better and better as the number of initializations is
allowed to increase. However, the computational complexity increases too. The algorithm with five
initializations required 94.28 s to generate the 200 estimates (with an average of 0.47 s per estimate),
whereas the algorithm with 10 initializations took 179, 14 s (with an average of 0.9 s per estimate).

5.3. The two-stage approach

According to the discussion in Section 3, the TS estimator was obtained by means of the training
over a set of simulation data. Once the training was terminated, the performance was tested against
the same 200 experiments previously used for the other methods.

As regards the training, m D 1500 new values of � were uniformly extracted from the interval
Œ�0.9, 0.9�, and correspondingly, 1500 sequences of 1000 pairs of input/output values were
simulated to construct the simulated data chart.

For each sequence yi .1/,ui .1/ : : : ,yi .1000/,ui .1000/, i D 1, : : : , 1500, the compressed artifi-
cial data sequence was obtained by identifying, using the least squares algorithm, the coefficients
˛i1, : : : ,˛i10 of an ARX(5,5) model (yi .t/ D ˛i1y.t � 1/C � � � C ˛

i
5y.t � 5/C ˛

i
6u.t � 1/C � � � C

˛i10u.t � 5/). The final estimator bh.˛i1, : : : ,˛i10/, instead, was computed by resorting to a neural

network with 10 inputs (˛i1, : : : ,˛i10) and one output (b�). The network was a standard feed-forward
neural network with two layers (ten neurons in the first layer and one neuron in the second one,
which was also the output layer). The network was trained with the 1500 artificial observations by
the usual back-propagation algorithm. Overall, the training took 31.45 s.

The obtained estimator was then applied to the 200 previously used data sequences.†† Again, the
returned 200 estimatesb� were compared with the corresponding 200 values of � . The TS estimators
required 1.95 s to generate the whole 200 estimates (i.e., an average time of 0.01 s per estimate),
while its performance can be seen in Figure 8.

6. THE PACEJKA’S PARAMETERS ESTIMATION PROBLEM

In this section, the TS approach is applied to a concrete problem, that of estimating the Pacejka’s tire
parameters from measurements of the car’s lateral acceleration and steering angle. First, a model for
the vehicle dynamics including interactions with tires is presented in Section 6.1. This will permit
us to precisely formulate the estimation problem. The experimental results obtained by applying
the TS method to this problem are reported then in Section 6.2. A comparison with the estimation
results provided by the PF is also given.

††Perhaps it is worth stressing that this 200 values of � and the corresponding data sequences were not used in the
training phase of the TS approach.

Copyright © 2012 John Wiley & Sons, Ltd. Int. J. Adapt. Control Signal Process. 2013; 27:667–687
DOI: 10.1002/acs



682 S. GARATTI AND S. BITTANTI

Figure 8. Estimates of � versus true parameter values for the TS estimator.

Figure 9. The car model.

6.1. Car model description and problem formulation

For simplicity, we will consider a car moving at constant speed V , and we will model the car’s
lateral dynamics only. In the sequel, x and y will denote the car’s longitudinal and lateral axes,
respectively, whereas X and Y form an inertial coordinate frame (Figure 9). Our model input is the
steering angle ı, that is, the angle between the front wheels’ longitudinal axis and the car’s longi-
tudinal axis (we suppose the steering angle is the same for both front wheels), whereas the output
is the car body lateral acceleration denoted by ay . V is the velocity vector in the inertial coordinate
frame, whereas ˇ is the car’s sideslip angle (i.e., the angle between the car’s longitudinal axis and V )
and  is the car’s yaw angle (i.e., the angle between the car’s longitudinal axis and the X axis).

Assuming that all angles are small enough to approximate function sin with its argument and
cos with the constant 1, the model of the car’s lateral dynamics is obtained as a force and moment
equilibrium ([9]):
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8̂<̂
:
�mV. P̌ C P / D T

fL
y C T

fR
y C T rLy C T

rR
y ,

J R D .T
fL
y C T

fR
y / � lf � .T

rL
y C T

rR
y /lr ,

ay D �V. P̌ C P /,

(8)

where Ty denotes the lateral forces generated by one tire, whereas superscripts f , r , L, and R dis-
tinguish between front, rear, Left, and Right wheels. lf and lr indicate the distance between front
and rear wheels and the car’s center of mass. Finally, m and J denote the car mass and moment of
inertia, respectively.

As for the lateral forces generated by tires, we resort to the Pacejka’s magic formula [9]:

Ty DD sin fC arctan ŒB N̨ �E.B N̨ � arctan .B N̨ //�g C SV ,

where

SH D pH1C pH2f´C pH3� ,

SV DQŒ.pV1C pV 2f´/C .pV 3C pV 4f´/��,

N̨ D ˛C SH ,

C D pC1,

�D .pD1C pD2f´/.1� pD3�
2/,

D D �Q,

E D .pE1C pE2f´/Œ1� .pE3C pE4�/sign. N̨ /�,

K D pK1F´ sin Œ2 arctan .Q=.pK2 �F´///.1� pK3j� j/�,

B DK=.C �D/.

In this formula, ˛ is the wheel sideslip angle (i.e., the angle between the wheel longitudinal axis and
the wheel velocity), which can be obtained as follows:

˛f D ˇC lf � P =V � ı,

˛r D ˇ � lr � P =V .

Q is the vertical load acting on the wheel that can be computed by modeling the car roll dynamics
to take into account the vertical load shift:

Jr R# CCr P# CKr# D h �m � g sin.#/� ay � h �m � cos.#/,

QR DN
l=2� h cos.#/

l
QL DN

l=2C h cos.#/

l
,

where # is the roll angle, g the gravitational acceleration, h the altitude of the center of mass, l the
car semiaxis, N Dm � g the car vertical load, and Kr , Cr and Jr are suitable constants.

Eventually, going back to the Pacejka’s formula, � is the so-called camber angle, here supposed
to be constant, F´ the wheel nominal load (which is constant too), and f´ D .Q�F´/=F´ is the rel-
ative load. All other parameters are the so-called Pacejka tire parameters, and their value determines
the tire response.

Summarizing, Pacejka’s magic formula is merely a nonlinear function of variables ˛ and Q sup-
plying the generated lateral force Ty . Such function is parameterized by the vector of Pacejka
parameter, say � , so that Ty D F� .˛,Q/. Altogether, the car’s lateral dynamics can be modeled
through a continuous time nonlinear system P.�/, depending on an uncertain parameter vector
� 2Rq . The system input u is the steering angle ı, and output y is the car’s lateral acceleration ay .

To retrieve the unknown value of the parameter vector � , the system’s input and output
are observed through an angular position sensor and an accelerometer. The observations cover
a certain time interval leading to a number N of input and output observations NDN D
f Ny.1/, Nu.1/, : : : , Ny.N /, Nu.N /g. The issue then is how to build a suitable parameter estimator,
that is, a map bf W R2N ! Rq , which exploits the information conveyed by data NDN D
f Ny.1/, Nu.1/, : : : , Ny.N /, Nu.N /g so as to produce fair estimates of the values taken by the uncertain
parameter vector � .
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6.2. Experimental results

The car model described in Section 6.1 has been implemented in Dymola/Modelica and then
simulated through Matlab. We then applied the TS approach to construct an estimator able to
retrieve the Pacejka tire parameters from the measurements of the car’s lateral acceleration while
the car, moving at constat speed V D 10 m/s, is steered along a chicane (left plot of Figure 10).
This manoeuver lasts about 10 s. The corresponding lateral acceleration has been computed through
the simulator. To take into account possible measurement errors, we added a zero mean white noise
with suitable variance (0.01 m/s2). A typical response of the lateral acceleration (for a particular
type of tires) is shown in the right plot of Figure 10. For simplicity, we supposed that the Pacejka
tire parameters were the same for the four tires of the car (i.e., tires are all of the same type with
same aging and pressure condition) and that, among all Pacejka parameters, only pK1 and pK2 were
subject to changeability (while all others were fixed). In other words, the vector � to be estimated
is constituted by �1 D pK1 and �2 D pK2. This choice was dictated by the fact that the calculation
of lateral force by means of the Pacejka’s magic formula is much more sensitive to parameters pK1
and pK2 than all other parameters. Typically, pK1 ranges between �42.83 and �27.32, whereas
pK2 between �1.22 and �0.98.

To apply the TS method, m D 2000 values for � were uniformly extracted from the rectangle
Œ�42.83,�27.32�� Œ�1.22,�0.98�, and correspondingly, we ran 2000 simulations of the car model,
each time adopting the steering angle signal in Figure 10 as input. By sampling the input and output
signals with a period of 0.02 s, we then obtained 2000 input/output sequences each 500 samples long
(N D 500): ui .1/, yi .1/,ui .2/, yi .2/, : : : ,ui .500/, yi .500/, i D 1, 2, : : : , 2000. These sequences,
together with the 2000 extracted values for � , formed the simulated data chart.

For the generation of the compressed artificial data chart, an ARX(4,4) model was considered:
yi .t/D ˛i1y

i .t �1/C� � �C˛i4y
i .t �4/C˛i5u

i .t �1/C� � �C˛i8u
i .t �4/. By performing the iden-

tification over the sequence ui .1/, yi .1/,ui .2/, yi .2/, : : : ,ui .500/, yi .500/ for i D 1, 2, : : : , 2000,
the returned parameters ˛i1,˛i2, : : : ,˛i8, i D 1, 2, : : : , 2000, constituted the compressed artificial
data chart. The specific choice of the order of ARX models was eventually obtained after few
trial-and-error attempts.

The final estimatorbh.˛i1,˛i2, : : : ,˛i8/was instead derived by resorting to a feed-forward two-layer
neural network, with twenty neurons in the hidden layer and two linear neurons in the output layer.
The network weights were trained by the usual back-propagation algorithm. Again, the order and
the structure of the neural network were chosen by means of cross-validation.

The entire offline process for the training of the TS estimator took about 20 min on a standard
2.40 GHz dual-processor computer, and it produced an explicit estimator bf Dbh ıbg defined as the
composition of the least squares algorithm and the trained neural network.

To test the performance of the obtained TS estimator, we applied it to 800 new (validation) data
sequences, generated from 800 fresh values for parameter � . Then, 800 estimatesb� were computed

Figure 10. Standard steering angle trend (left) and corresponding lateral acceleration (right).
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by simply evaluating bf for each data sequence. We remark that the computation of the whole set of
800 estimates took 8.16 s only, that is, about 0.01 s per single estimate.

The performance of the TS estimator can be appreciated in Figure 11, where the estimatesb�1 andb�2 of the first and second parameters are compared with the true values of �1 and �2. As in previous
sections, the x-axis depicts the value of the first (second) parameter, whereas the y-axis provides the
returned estimate. To simplify the visualization of the results, we have drawn the bisector (dashed
line) and a continuous line representing an optimal linear fit of the points in the graph.

As it appears, the TS estimator supplies fairly accurate estimates, especially for the first parame-
ter. In this respect, we note that the first parameter is one order of magnitude more important than
the second one in determining the lateral force supplied by the Pacejka’s magic formula, and this
reflects into the better identifiability of �1.

For the sake of comparison, we also applied the PF estimation algorithm to the first 50 data
sequences out of the 800 we used in the TS approach. The estimates were computed by allowing a
cloud of 500 particles to evolve through the filter equations.

Figure 12 plots the estimates b�1 and b�2 returned by PF versus the true values of the parame-
ters. The PF estimates are much more scattered around the bisector. In addition, the PF algorithm
required 5 h to compute a single estimate (the computation of the whole 50 estimates took about
250 h). This is in striking contrast with the few seconds required by the TS estimator for computing
the entire 800 estimates.

Figure 11. TS estimator: parameter �1 estimates versus true values (left) and parameter �2 estimates versus
true values (right).

Figure 12. Particle filter estimator: parameter �1 estimates versus true values (left) and parameter �2
estimates versus true values (right).

Copyright © 2012 John Wiley & Sons, Ltd. Int. J. Adapt. Control Signal Process. 2013; 27:667–687
DOI: 10.1002/acs



686 S. GARATTI AND S. BITTANTI

7. CONCLUSIONS

Parameter estimation in a given model is one of the most common problems to be tackled in the
practice of system identification. Available methods (EKF, UKF, PF, ML, PEM, etc.) have been
extensively studied in the literature, especially in relation to accuracy analysis; however, other
aspects, such as computational complexity, have been somewhat overlooked. When such methods
are used in practice, remarkable drawbacks may be encountered, and parameter estimation is often
performed de facto using empirical procedures.

The TS approach provided in this paper tries to bridge this gap between the theory and the prac-
tice of estimation, by providing a method that is based on a general, technically sound, principle,
which is also flexible enough to account for various requirements (accuracy, time complexity, etc.).
This paper sheds light on the general idea behind the method. Admittedly, we do not provide here a
formal theoretical investigation that could hopefully be the subject of future research.
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